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We emphasize the importance of applying power counting to the small-x observables, which
introduces novel soft contributions usually missing and allows for a unified treatment of the Balitsky-
Kovchegov (BK) evolution and various Sudakov logarithms. We use pA → h(ph⊥)X at forward
rapidity to highlight how the power counting yields a partonic cross section with collinear and
soft sectors. We show how the kinematic constraints can be obtained in the soft sector without
violating the power counting. We further show how one can resum the threshold Sudakov logarithms
systematically to all orders in a re-factorized framework with additional collinear-soft contributions.
Direct applications to other small-x processes involving heavy particles, jet (sub-)observables and
EIC physics are straightforward.
Introduction. In recent years, there have been grow-
ing interests in the small-x physics at the RHIC and the
LHC. For instance, the suppression of single inclusive
hadron production in dAu collisions at RHIC [1, 2] has
been suggested as the evidence for the gluon saturation
at small-x in the nucleus [3, 4]. In the small-x region,
where the longitudinal momentum fraction carried by the
gluon becomes small, the gluon density grows dramati-
cally and reaches the nonlinear regime. The color-dipole
or the color glass-condensate (CGC) formalism [5–7] are
thus invoked and the linear BFKL equation [8] is replaced
by the nonlinear BK-JIMWLK equation [9–14], which in-
evitably leads to the gluon saturation [15, 16] with a char-
acteristic scale Q2s at small-x. The saturation scale Qs
features the typical transverse momentum of the gluons
and grows as x→ 0.
When Qs  ΛQCD, the usual collinear factorization
in perturbative QCD can be applied, where one treats
the nucleon/nucleus as a dilute system of partons. Given
that αs(Qs) is typically not small, calculations beyond
the leading order (LO) are required. Various attempts
have been made in realizing the next-to-leading-order
(NLO) predictions for the small-x physics [17–22]. The
calculations achieved in the seminal work [19] confirms
the CGC factorization for the inclusive hadron produc-
tion at NLO by explicitly showing that the rapidity diver-
gence has a form of the BK kernel, which they absorbed
into the nucleus structure function. Further works [23–
27] to improve the results are pursued. Beyond fixed
order (FO), a threshold resummation which is believed
to maintain the positivity of this cross section [31] is out
of reach with all known approaches. Other Sudakov log-
arithms are also identified through NLO calculations of
massive particle production in high energy pA collisions
and resummed [28, 29]. However, a unified framework
in the perturbative region which systematically incorpo-
rates all these ingredients, FO, BK evolution, Sudakov
resummation and the relation to the collinear factoriza-
tion [32, 33], is by-far absent. Such a framework is crucial
for the ultimate precision test of the small-x formalism
at the future electron-ion collider (EIC) [34].
In this work, we propose the observable originated
power counting as an approach to such a framework.
General power counting has shown its tremendous power
in FO calculations [35], observable dependent factoriza-
tion and resummations [36, 37], and in the small-x evo-
lution (see e.g. [5]). Here we apply the observable origi-
nated power counting to the small-x processes. In other
words, we apply power counting directly to the small-x
observables. We use single hadron inclusive production
at forward region to demonstrate how this can help to
re-organize the NLO calculation with self-consistent log-
ics and provide new insights, and how Sudakov threshold
resummation and BK evolution can be realized simulta-
neously within one single unified framework.
Inclusive hadron production. We take single in-
clusive hadron production in proton-nucleus collisions,
p(pP )A → h(yh, ph⊥)X, as the example where we mea-
sure the hadron rapidity yh and transverse momentum
ph⊥. For illustrative purpose, we only focus on the par-
tonic channel q(p)A → q′(z, p′⊥)X. The quark q′ frag-
ments into the identified hadron, with p′⊥ = ph⊥/ξ and
ξ the momentum fraction of the parton carried by the
hadron, z = n¯ · p′/n¯ · p and p the momentum of the
incoming quark. We assume that the proton is mov-
ing along the direction nµ = (1, 0, 0, 1) while the nucleus
along n¯µ = (1, 0, 0,−1). We focus on the region where
λ = p′⊥/n¯ · p ∼
√−t/s  1 which defines the forward
scattering. Other channels will be presented in [40].
We start with the momentum fraction 1 − z ∼ O(1).
The observable ph,⊥ 
√
s yields 3 different modes to
contribute to the leading region of the cross section when
p′⊥ ∼ p′⊥(1− z) n¯ · p(1− z) ∼ n¯ · p: 1. collinear mode
whose momentum scales as (n¯ ·p, n ·p, p⊥) ∼ n¯ ·p(1, λ2, λ)
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2and 2. soft mode with ks ∼ n¯ · p(λ, λ, λ). 3. Glauber po-
tential with kG ∼ n¯ · p(0, λα, λ) with positive α ≤ 2 [38],
carried by the gluon from the nucleus to provide the
transverse kick through the potential 1/k2G ∼ 1/k2G,⊥.
We note that the virtuality of all the modes are O(p′⊥)
and they all contribute at leading power. Consequen-
tially, when ph⊥  ΛQCD, the NLO cross section reads
dσ
dyhd2ph⊥
=
1
4pi2
∫
dξ
ξ2
dx
x
zxfq/P (x, µ)Dh/q(ξ, µ)
×
∫
d2b⊥d2b′⊥d
2x⊥ eip
′
⊥·r⊥
〈
S(2)w (b⊥, x⊥)S
(2)
w (x⊥, b
′
⊥)
〉
ν
×
(
I(3)δ (z, b⊥, b′⊥, µ)S(3)δ (b⊥, b′⊥)δ(2) (x⊥ − b⊥)
+I(3)(z, b⊥, b′⊥, x⊥, ν) + S(3)(b⊥, b′⊥, x⊥, ν)
)
+O(α2s) .(1)
We expect that the NLO factorized form can be pro-
moted to all orders, with n-point functions and n > 3
arising at higher orders. The collinear coefficients I(n)’s
together with the parton distribution function (PDF)
fq/P and the fragmentation function (FF) Dh/q form the
n-point forward TMD functions. These collinear coeffi-
cients can be thought of the matching coefficients of the
forward TMD functions to the collinear PDF and FFs
when ph⊥  ΛQCD. Here, S(3)δ and S(3) are soft func-
tions, which we have identified in the small-x formalism
and will be given below. Note that these soft functions
are not to be confused with the S
(n)
w in the nucleus.
Here z = τ/xξ with τ = n¯ · ph/n¯ · pP = ph⊥eyh/
√
s,
and r⊥ = b′⊥ − b⊥. S(2)w (b⊥, b′⊥) = 1NcTr
[
W (b⊥)W †(b′⊥)
]
with W = P exp [igs ∫ d[n¯ ·x]n ·A(n¯ ·x, b⊥)] and 〈. . . 〉ν
indicates the CGC average over the nuclear wave function
and its small-x evolution to the rapidity scale ν. We will
show that in our framework this scale is related to the
initial gluon rapidity in the nucleus target Y ∼ ln 1xA in
a natural way. Here, the b⊥, x⊥ scale like p′⊥
−1 ∼ Q−1s .
We have assumed the light cone gauge n¯ · A = 0 which
we will stick to throughout the work.
The NLO corrections to the collinear coefficients have
been obtained in various works [19, 22, 30], using the
light-cone perturbation theory. Here we re-derive the full
results using covariant Feynman rules with the effective
collinear approximation [40]. Dimensional regularization
is used for regulating the usual infrared and collinear di-
vergences and an η-regulator [39] is used to deal with
the remaining rapidity divergence, whose effect for the
collinear sector is equivalent to replace the overall 11−z
factor with 1(1−z)1+η
(
ν
n¯·p
)η
, in which the rapidity scale
ν is introduced and one will expands around η = 0 before
doing the -expansion in the dimensional regularization.
Systematic power expansion in λ is required in loop and
phase space integration. At the end of the day, we have
the renormalization scale µ associated with the pole in
1/ and the rapidity scale ν with the 1/η pole. The pole
part of the collinear contributions to the cross section in
Eq. (1) is found to be
− αsNc
2piη
[
ν
n¯ · p
]η
1
pi
[
r2⊥
r′⊥
2r′′⊥
2
]
+
〈
S(2)w S
(2)
w
〉
ν
δ(1− z)
− αsCF
2pi
Pqq(z)
[
1 +
1
z2
ei
1−z
z p
′
⊥·r⊥
]
〈S(2)w (b⊥, b′⊥)〉ν , (2)
where we have included ν-dependent part. Here plus-
distributions over vector domains,
∫
ddxf(x)D+(x) =
lim→0
∫
dd−2x[f(x) − f(0)]D(x, ) with requiring
lim|x|→∞D(x) → 0 are used [39, 40] and r′⊥ = b⊥ − x⊥,
r′′⊥ = x⊥ − b′⊥ and Pqq =
(
1+z2
1−z
)
+
is the quark splitting
function. The finite collinear terms are found to be
I(3)δ,fin. =δ(1− z)−
αs
pi
CF
[
Pqq(z) ln r
2
⊥µ
2
c20
− (1− z) +
(
−3
2
ln
r2⊥p
′
⊥
2
c20
+
1
2
)
δ(1− z)
]
1
2
(
1 +
1
z2
ei
1−z
z p
′
⊥·r⊥
)
− αs
pi
(
CF − Nc
2
)[
1 + z2
(1− z)+ I˜21(z)− 2
(
(1 + z2)
(
ln(1− z)
1− z
))
+
]
, (3)
where c0 = 2e
−γE , and
I(3)fin. =
αs
pi
Nc
2
1
pi
[
1 + z2
(1− z)+
1
z
ei
1−z
z p
′
⊥·r′⊥ r
′
⊥ · r′′⊥
r′⊥
2r′′⊥
2
+
∫ 1
0
dξ
1 + ξ2
(1− ξ)+ e
iξp′⊥·r′⊥
[
e−ip
′
⊥·r′⊥
r′⊥
2
]
+
δ(1− z)
]
. (4)
Here following Ref. [30], we have defined
I˜21 =
∫
d2x⊥
pi
[
e−i(1−z)p
′
⊥·x⊥
(
x⊥ · (zx⊥ − r⊥)
x2⊥(zx⊥ − r⊥)2
− 1
x2⊥
)
+e−ip
′
⊥·x⊥
(
1
x2⊥
)]
. (5)
There are several points worth noticing here. First, there
exist both rapidity and collinear poles, where the latter is
3FIG. 1: Eikonal vertex. Double line represents the
eikonal line.
absorbed into the proton PDF and the hadron FF while
the former one will be shown to cancel against part of the
rapidity poles from the soft contributions. Note that our
interpretation of the rapidity pole from the collinear sec-
tor is different from the previous literatures [19, 30] where
it was absorbed directly into the nucleus distribution.
However this led to some difficulties in relating the ra-
pidity scale ν to the initial gluon rapidity Y in the nucleus
target, since obviously from the ν-dependence in Eq. (2),
the ν from the collinear sector should be n¯ · p = x√s,
associated with the proton size. We will show that it is
the additional soft contribution that converts the ν to
generically be associated with Y . Some earlier attempts
along this direction were given in [22, 23].
Secondly, we note that there are several potentially dif-
ferent kinematic scales involved in this calculation, which
are n¯ · p(1− z), p′⊥ and p′⊥(1− z). Here the first scale is
related to the rapidity divergence. When 1 − z ∼ O(1),
n¯ · p(1 − z)  p′⊥ ∼ p′⊥(1 − z) and the resulting log-
arithms can be eliminated by the scale choices µ ∼ p′⊥
and ν ∼ n¯·p, which set the natural scales for the collinear
matching from the point of view of forward TMD func-
tions. However when ph⊥ close to the kinematic bound-
ary, τ → 1, 1−z ∼ O(λ) and n¯·p(1−z) ∼ p′⊥  p′⊥(1−z),
no scale choices can eliminate all large logarithms and
therefore a threshold resummation in ln(1−z) is required,
as will be discussed later.
Now we turn to the soft sector. The NLO soft func-
tion can be calculated using the eikonal approximation
dressed by the transverse momentum flow from the ex-
ternal source, as shown in Fig. 1. For the diagram on the
left in Fig. 1, we have for the small-x soft current be
J aα,l=
−gsnα
n · k
(
ν
k⊥e|y|
) η
2
ei(p
′
⊥+k⊥)·b⊥ [taW (b⊥)]ij , (6)
where k is the momentum carried by the soft gluon and
y is its rapidity. We have used the η-regulator to reg-
ulate the rapidity divergence in the soft eikonal current
following [39] and [41]. The diagram on the right gives
J αa,r = −2gse−
η
2 |y|
∫
dd−2l⊥
(2pi)d−2
lα⊥
l2⊥
(
ν
l⊥
)η/2
(7)
×
∫
dd−2x⊥eip
′
⊥·b⊥+ik⊥·x⊥−il⊥·r′⊥ [W (b⊥)tb]ijWab(x⊥) .
Here p′⊥ ∼ k⊥ ∼ l⊥ ∼ O(λ) and −l⊥ is the transverse
momentum carried by the internal gluon line. We keep
explicitly the dependence on the external nucleus source.
When computing the loop and the phase space inte-
grals, we need to perform a systematic power expan-
sion in λ and keep only the leading contributions. For
instance, for the momentum conservation, we will have
δ(n¯ ·p− n¯ ·p′− n¯ ·k) ≈ δ(n¯ ·p− n¯ ·p′), since n¯ ·p− n¯ ·p′ ∼
O(1)  n¯ · k ∼ O(λ). The power counting leads to the
pole in the soft contribution
αsNc
piη
(
ν
p′⊥
)η
1
pi
[
r2⊥
r′⊥
2r′′⊥
2
]
+
〈
S(2)w S
(2)
w
〉
ν
, (8)
and the finite term is found to be S(2)δ,fin. = 1 and
S(3)fin. =
αs
pi
Nc
2
1
pi
(
ln(r′⊥
2
p′⊥
2
/c20)
r′⊥
2 +
ln(r′′⊥
2
p′⊥
2
/c20)
r′′⊥
2
+
2r′⊥ · r′′⊥
r′⊥
2r′′⊥
2 ln
(
r′⊥r
′′
⊥p
′
⊥
2
c20
))
+
. (9)
Here we note that the finite terms arising in the soft
function reproduce the kinematical constraint found in
Ref. [25]. We notice the similar BK structure in the soft
rapidity pole as in the collinear sector.
The full NLO hadron production cross section obtained
in a series of works [19, 22, 25, 30] can be produced by
adding up the NLO collinear and soft results. We are left
with the rapidity structure
αsNc
2pi
δ(1− z)
(
1
η
− ln p
′2
⊥
νn¯ · p
)
×∫
d2x⊥
pi
[
r2⊥
r′⊥
2r′′⊥
2
]
+
〈
S(2)w (b⊥, x⊥)S
(2)
w (x⊥, b
′
⊥)
〉
ν
.(10)
The remaining rapidity pole will be absorbed into the
non-perturbative small-x nucleus distribution and yields
the “correct” BK equation by requiring the cross sec-
tion is independent of the ν: the resulting rapidity scale
would be correctly associated with the rapidity scale for
the initial gluons in the nucleus target. Such a rapid-
ity scale is determined by minimizing the logarithm in
Eq. (10), which generically sets ν =
p′⊥
2
n¯·p = [n · pg]LO =
e−Y [pg⊥]LO/
√
s = xA
√
s, with pg and Y the momentum
and rapidity of the gluon from the nucleus, respectively.
Here we note that since ln ν is always accompanied with
the δ(1−z) term, only the LO kinematics need to be con-
sidered. [n · pg]LO at LO is the minimum +-momentum
can be reached by the initial gluon from the nucleus.
From this, we see how the rapidity scale is related to Y
and thus the evolution dS
(2)
w /dY = −dS(2)w /d ln ν.
To enclose this session, we note that when ph⊥  Qs,
especially when ph⊥ ∼ n¯ · p a different power counting
4should be performed. Its connection to the collinear fac-
torization can then be studied systematically and will
be presented in a future work [40]. The different power
counting also indicates the importance of the power sup-
pressed terms and the results obtained should be matched
with a collinear factorization calculation [33, 40].
Threshold resummation. As we noted before, when
1 − z ∼ O(λ) there exist large threshold logarithms of
ln(1 − z), requiring resummation. In this case, where
p′⊥(1− z) p′⊥ ∼ n¯ · p(1− z) n¯ · p, energetic collinear
real emissions are forbidden but soft radiations with mo-
mentum ks ∼ p′⊥ are still allowed. Now due to the
threshold constrain 1−z ∼ O(λ), additional collinear-soft
mode arises with the momentum (n¯ · kcs, n · kcs, kcs,⊥) ∼
n¯·p×λ×(1, λ2, λ) where the n¯·kcs component is sensitive
to the threshold condition. To the leading power in λ,
the re-factorization of the cross section reads
dσthresh. = σvirt.+soft ⊗z Scs(1− z) . (11)
Here power corrections vanishing as z → 1 are neglected
and can be recovered by matching Eq. (11) with the cal-
culation in the previous section. The idea behind the
factorization is that in the threshold limit, the physics
at the short distance of order 1/p′⊥ is disentangled from
the one with longer wave length of order 1/(p′⊥λ). The
cross section is thus matched onto a collinear-soft theory,
as shown in Fig. 2, with the “hard” Wilson coefficient
σvirt.+soft containing the collinear virtual, soft virtual
and real corrections. The threshold PDF, FF as well as
the nucleus distribution are included in the σvirt.+soft.
coll. virt. + soft virt. + soft real
µ = p′⊥
Evolution
collinear-soft virt. + real
µ = p′⊥(1− z)
FIG. 2: Factorization scheme for (1− z) ∼ O(λ). The
threshold cross section is factorized into the “hard”
Wilson coefficient σvirt.+soft with all virtuality of order
p′⊥ and a collinear-soft function Scs.
For evaluating the Wilson coefficient σvirt.+soft, the
collinear and soft virtual calculations are identical to the
previous section. For the soft real emissions, the n¯·k com-
ponent is restricted through the forward region threshold
condition δ(1− z− n¯·kn¯·p )θ(n¯ · k−n · k) + θ(n · k− n¯ · k) to
be inserted into the real phase space calculations [40].
The diagrams for the collinear-soft function are topo-
logically identical to squaring the soft currents in Fig. 1
with cuts over all possible lines. The squared amplitudes
are now obtained by keeping the leading contribution as
λ ∼ (1 − z) → 0 and we note that p′⊥(1 − z)  p′⊥.
For instance, when deriving the collinear-soft approxi-
mation, we utilized ei(p
′
⊥+kcs,⊥)·b⊥ ≈ eip′⊥·b⊥ and for the
b⊥, x⊥ occur in S
(2)
ν , they scale like p′⊥
−1
and the conju-
gate momentum scale as p′⊥. We thus find that the NLO
collinear-soft function is fully decoupled from the exter-
nal nucleus source and only contributes to the δ(x⊥−b⊥)
term. Also we note that when we encounter the propaga-
tor (p′−kcs)2, the power counting goes like (p′−kcs)2 =
1
2 n¯ ·pn ·kcs+ 12 n¯ ·kcsn ·p+p⊥ ·kcs,⊥ ∼ λ3 +λ3 +λ3, there-
fore all three components contribute at the same power,
which is different from the soft case in which (p′−ks)2 =
1
2 n¯·pn·ks+ 12 n¯·ksn·p+p⊥ ·ks,⊥ ∼ λ+λ3+λ2 ∼ 12 n¯·pn·ks.
We found that the collinear-soft virtual corrections are
scaleless and the real bare contribution gives
Scs = −2αs
pi
(
CF − Nc2
)
(1− z)1+2
(
1

− pi
2
12

) (
µ2
p′⊥
2
)
, (12)
from which it is found that the natural scale for the
collinear-soft function is µ ∼ p′⊥(1−z) as expected. It has
been checked that all the poles cancel between σvirt.+soft
and the collinear-soft function and we fully reproduce the
1 − z singular terms in the previous calculations, as a
validation of the factorization formula in Eq. (11). The
O(k⊥/(1 − z)n¯ · p) terms, which were power suppressed
when 1 − z ∼ O(1), now arise. Only within our refac-
torization, such terms can be naturally captured. From
the -poles of the bare results, we extract its anomalous
dimension
γcs[αs] = 4Γ[αs]
(
CF − Nc
2
)
ln
µN¯
p′⊥
+ γ[αs] , (13)
where we have made the Mellin transformation f(N) =∫ 1
0
dzzN−1f(z) and introduced the notation N¯ = NeγE .
Here, we have
Γ(0) =
αs
pi
, γ(0) = 0 ,
Γ(1) =
(αs
pi
)2 1
4
[(
67
9
− pi
2
3
)
CA − 20
9
TFnF
]
. (14)
The threshold logarithms can therefore be resummed
by solving the renormalization group equation of the
collinear-soft function µdScsdµ = γcsScs , with the initial
condition be the MS-renormalized collinear-soft function
evaluated at µ = p′⊥/N¯ . The next-to-leading logarithmic
collinear-soft function evolved to µ = p′⊥ reads
Scs (p
′
⊥) = Scs
(
p′⊥/N¯
)
× e−
∫ 1
0
dz z
N−1
1−z
∫ p′⊥2
p′⊥
2(1−z)2
dk2
k2
Γ[αs(k
2)](2CF−Nc)
. (15)
The detailed derivations will be presented in [40].
Conclusions and outlooks. In this work, we stress the
importance of the observable originated power counting
in the small-x physics, which introduces novel soft contri-
butions normally absent in the previous literatures and
found to play important roles. We used the inclusive
5hadron production in pA collision as an example to il-
lustrate that within the soft function, one can system-
atically derive the kinematic constraints and still main-
taining the factorization power counting. The rapidity
scale ln 1xA for the nucleus distribution naturally arises
in our approach by requiring to minimize the logarithms
when one adds up the collinear and the soft contributions.
We also show that when near the kinematic boundaries,
how the threshold Sudakov logarithms can be automati-
cally resummed in the small-x case by a re-factorization
between the soft and the collinear-soft degrees of free-
dom. We show explicit results for resumming the thresh-
old logarithms to the NLL accuracy. Last we note that
our calculation is set up within the covariant Feynman
rules and implements the complete dimensional regular-
ization. This approach has the advantage being able to
extend to higher orders with the aid of modern amplitude
techniques [42].
Our power counting scheme is expected to open up
opportunities to the precision predictions of many other
interesting small-x processes. For instance, consistent
treatments of the Sudakov resummation when heavy par-
ticles are present in the small-x saturation formalism [29]
will become straightforward in the power counting frame-
work and the resummation accuracy can be improved
systematically. Other applications include studying the
TMD physics, jet and its sub-observables in the small-x
regime, which we believe that taking into account suit-
able soft degrees of freedom incorporated in our frame-
work are mandatory for achieving reliable theoretical pre-
dictions. Last we note that our approach is naturally
applied to the EIC related studies to allow for relevant
precision predictions.
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